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Abstract

The purpose of this communication is to describe a method for rapid and simultaneous determination of longitudinal (T1) and
transversel (T2) relaxation times, based on a single continuous wave free precession (CWFP) experiment which employs RF pulses
with a p/2 flip angle. We analyze several examples, involving nuclei such as 1H, 31P, and 19F, where good agreement with T1 and T2

measurements obtained by traditional methods is apparent. We also compare with the more time-consuming steady-state free pre-
cession (SSFP) method of Kronenbitter and Schwenk where several experiments are needed to determine the optimum flip angle.
The role of an inhomogeneous magnetic field on the observed decays and its effect upon the accuracy of relaxation times obtained
by these methods is examined by comparing numerical simulations with experimental data. Possible sources of error and conditions
to minimize its effects are described.
� 2004 Elsevier Inc. All rights reserved.
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1. Introduction

Kronenbitter and Schwenk [1] proposed, several
years ago, a fast method for the determination of the
longitudinal (T1) and transverse (T2) relaxation times
in liquids using steady-state free precession (SSFP) [2–
5]. This method, although quite general, is especially
useful for systems with very long T1 values. It has been
successfully used, for example, in nuclei like Xe129,
where T1 values may reach 30 s [6].
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The method, as proposed in [1], consists of two steps.
In the first ‘‘T1/T2’’ step the ratio of these two relaxation
times is obtained by measuring the steady-state signal
amplitude as a function of the flip angle a of the
radio-frequency (RF) pulses. The optimum value aopt,
which yields the maximum SSFP signal, is first deter-
mined by a sequence of measurements with different a
values, a relatively time-consuming procedure. Once aopt
has been obtained, the expression T1/T2 = (1 + co-
s (aopt))/(1 � cos (aopt)) [1] yields the ratio of the two
relaxation times. Next, the value aopt is employed in a
second ‘‘T1 + T2’’ step, where, in a new experiment,
the time constant Topt for the evolution to the steady
state is measured. For the optimum flip angle, this time
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constant can be shown [1] to be given by
Topt = (T1 + T2)/2, which together with the result of
the first step permit the determination of both relaxation
times.

The purpose of this communication is twofold. First
we show that the time-consuming determination of aopt
can be bypassed permitting the simultaneous fast mea-
surement of T1 and T2 in a single experiment. Second,
the role of an inhomogeneous magnetic field and its ef-
fect on the measured relaxation times is examined point-
ing out possible sources of error. The effect of an
inhomogeneous magnetic field can be especially critical
when low-resolution spectrometers, quite common in
routine analytical determinations [7,8], are employed.
2. Theory

The general response to a sequence of RF pulses in a
liquid described by a single NMR line has been treated
by several authors [9–12]. The general framework is pro-
vided by the Bloch equations with additional terms,
which include the effect of diffusion in the presence of
a magnetic field gradient.

For our specific case we consider, in a reference frame
rotating at the frequency of the applied RF, a general
isochromat with angular frequency x. Let Tp denote
the time interval between the RF pulses in the SSFP
pulse sequence [2,3] and assume that the effect of each
pulse can be considered as an instantaneous rotation
about the x-axis with a fixed flip angle a = p/2. Denot-
ing by - the average isochromat frequency, a detuning
offset between the RF pulses and -/2p is introduced.
As a result, the precession angle during Tp for the aver-
age isochromat becomes -Tp = (2m + 1)p, where m is
an integer. For a general isochromat, the precession an-
gle can therefore be written as w = xTp =
(2m + 1)p + /, where the distribution of angles / is gov-
erned by the inhomogeneity of the magnetic field. We
first assume, for simplicity, a Lorentzian distribution
of frequencies X = //Tp = x � - of form gðXÞ ¼
ðT �

2=pÞ½1=ð1þ ðXT �
2Þ

2Þ�, where the conditions T p �
T �

2 � T 1; T 2 are expected to be satisfied.
The time evolution of the transverse components of

magnetization for a general isochromat, denoted by
mx (/) and my (/), can be obtained from the matrix form
of Bloch�s equations. Provided Tp is sufficiently short,
diffusion can be ignored [13–15] and the following recur-
sion relationships can be shown to be obeyed:

mx;nþ1ð/Þ ¼ �mx;nð/ÞE2 cos/þ my;n�1ð/ÞE2E1 sin/

� E2ð1� E1Þ sin/; ð1Þ

my;nþ1ð/Þ ¼ mx;nð/ÞE2 sin/þ my;n�1ð/ÞE2E1 cos/

� E2ð1� E1Þ cos/: ð2Þ
In Eqs. (1) and (2) E1 = exp(�Tp/T1) and
E2 = exp(�Tp/T2) whereas mx (y), n represent the ampli-
tudes of the transverse components of magnetization.
The integers n = 0,1,2,3,. . . in mx (y), n denote the ampli-
tudes of the precessing magnetization prior to the appli-
cation of pulse n. Thus, the initial conditions necessary
for the solution of the difference equations can be writ-
ten as: mx,0 = 0, mx,1 = �E2 sin/, and my,1 = �E2cos/.

For homogeneous magnetic field, one can set / � 0 in
Eqs. (1) and (2) and the difference equations can then be
solved analytically. This can most easily be accom-
plished by noticing that Eq. (2) can be written, for this
case, in the following manner:

my;nþ1 � my;n�1

2T p

¼ ðE2E1 � 1Þmy;n�1

2T p

� E2ð1� E1Þ
2T p

: ð3Þ

Since the value of Tp is assumed to be very short com-
pared with the decay time of the continuous wave free
precession CWFP [7] signal, the left-hand side of Eq.
(3) becomes a good approximation for the time deriva-
tive of the decay, provided only pulses of the same parity
are considered. Therefore for the signal prior the appli-
cation of even pulses, for example, the left-hand side of
Eq. (3) can be identified with dmy (t)/dt, where
t = (n � 1)Tp and n = 1,3,5,7 . . . This leads to a simple
differential equation which predicts an exponential de-
cay to a constant steady-state value, as shown in [1].
To first order in the very small quantities Tp/T1 and
Tp/T2 the time-constant of the decay is given by
T (a = p/2) = 2T1T2/(T1 + T2), whereas the constant
steady-state values are: |mys| = M0T2/(T1 + T2) and
|mx| = 0. Here M0 denotes the thermal equilibrium z-
component of magnetization. Thus, from measurements
of |mys|/M0 and T (a = p/2), in a single experiment, the
values of T1 and T2 could be determined.

In the presence of a distribution of values of / = X
Tp the exponential decay to a constant steady-state va-
lue, mentioned above, can only be warranted under spe-
cial circumstances and to a certain degree of accuracy.
The measured signal amplitude in this case is a sum of
contributions from all isochromats and can be written
as the integral MxðyÞ;n ¼ �mxðyÞ;n ¼

R
mxðyÞ;nðX=T pÞgðXÞdX

over all values of X. Fig. 1 shows a numerical solution
of Eqs. (1) and (2) as a function of n applicable to the
1H resonance of phosphoric acid, where the measured
relaxation times were T1 = 190 ms and T2 = 140 ms.
The inhomogeneity of the magnetic field produced an
approximately Lorentzian line of width (FWMH)
Df = 90 Hz, corresponding to T �

2 ¼ 1=pDf ¼ 3:54 ms.
Consequently, for each value of n, an integration over
X was performed on each component of magnetization.
Finally, the absolute value of the normalized integrated
transverse magnetization |M+,n|/M0 = |Mx,n + iMy,n|/M0

was calculated and plotted together with the experimen-
tal data in Fig. 1A. The experimental results consist of
absolute values of the CWFP [7] signal as a function



Fig. 1. The solid lines represent numerical solutions of Eqs. (1) and (2)
as a function of n for a = p/2 pulses with Tp = 0.3 ms, -Tp = 3p,
T1 = 190 ms, and T2 = 140 ms. (B) A Lorentzian distribution of
isochromats with FWMH Df = 90 Hz is assumed. (A) An asymmetric
two-Lorentzian distribution with FWMH Df = 90 Hz is assumed. The
experimental data (h odd pulses and n even pulses) correspond to the
1H resonance of phosphoric acid.

Fig. 2. Normalized 1H CWFP signal amplitude in phosphoric acid for
RF pulses with flip angle a = aopt (A) and for a = p/2 (B), Tp = 0.3 ms
and -Tp = 3p.
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of n for phosphoric acid, with Tp = 0.3 ms and -
Tp = 3p.

Since magnetic field inhomogeneities quite often pro-
duce asymmetric lines the simulations were also per-
formed using a normalized distribution function
consisting of a linear combination of two shifted
Lorentzians. One Lorentzian curve was centered at
X = 0 with a FWMH of 77.6 Hz whereas the other,
shifted by 92.7 Hz and with half the weight of the first
one, had FWMH of 155.3 Hz. The overall FWMH
of the unresolved doublet was maintained at 90 Hz.
The effect of such an asymmetry upon the CWFP decay
is shown in Fig. 1A.

The experimental data and the simulations of Fig. 1
demonstrate that, for T �

2 � T ða ¼ p=2Þ ¼ 2T 1T 2=
ðT 1 þ T 2Þ, two transient regimes can be identified before
a constant steady state is reached. The first one is charac-
terized by an alternationof signal amplitude between even
and odd values of n and by a time constant related to T �

2.
This leads to a quasi-stationary state [7] where these alter-
nations disappear. Finally, the decay of the quasi-station-
ary state, controlled byT1 andT2, leads to a truly constant
stationary regime. All three regimes are clearly displayed
by the experimental data of Figs. 2A and B, where the ini-
tial part (t < 0.09 s) of Fig. 2B corresponds to the data
shown earlier in greater detail in Fig. 1.

For the quasi-stationary regime to accurately repre-
sent an exponential decay with time-constant
T = 2T1T2/(T1 + T2) and stationary amplitude |M+,s|/
M0 = T2 (T1 + T2) some conditions must be met. After
integration of both sides of Eq. (2) with the distribution
function g (X), the ratio qn ¼ jmx;nð/ÞE2 sin/j=
jmy;n�1ð/ÞE2E1 cos/j must become sufficiently small for
all values of n above some threshold value nth. This ratio
was calculated from the numerical solution of the recur-
sion relationships (Eqs. (1) and (2)) and found to be
dependent only upon T p=T �

2, provided T �
2 � T 1; T 2.

For n > nth � 5T �
2=T p � 60 and T p=T �

2 ¼ 0:085, corre-
sponding to a Lorentzian line width (FWHM)
Df = 90 Hz, we obtained qn � 0.05. As expected, the
asymmetric distribution of Fig. 1B only causes some
changes in the region n < nth. The value of qn was also
calculated for this distribution function yielding a value
qn � 0.06, which does not significantly differ from the
symmetrical case. Hence, within an accuracy of approx-
imately 5%, one could neglect the term in mx;nð/Þ sin/ in
Eq. (2). Furthermore, for n > nth, the value of the ratio
rn ¼ jmy;nð/Þ cos/j=jmy;nð/Þjjcos/j for the single-
Lorentzian distribution was found to be rn � 1.03 with
jcos/j ¼ 0:92, whereas for the asymmetric distribution
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the value was rn � 1.05 with jcos/j ¼ 0:90. Thus, in
both cases, the values of the relaxation times obtained
from the reasonably accurate exponential decays are ex-
pected to be within approximately 8% of the values ob-
tained by setting / = 0 in Eq. (2). It is also worth
mentioning that for n > nth the ratio (Mx,n)

2/(My,n)
2 is

negligible for both distributions and therefore
|M+,n| � |My,n|.

We conclude that, as far as errors caused by magnetic
field inhomogeneity are concerned, reasonably accurate
relaxation times could be obtained provided
T p=T �

2 < 0:085.
A second possible source of error, inherent to these

techniques when an inhomogeneous magnet is em-
ployed, arises from the actual values T1 and T2 to be
measured. As the ratio T1/T2 approaches unity, and
the steady-state amplitude |M+s|/M0 approaches 0.5,
the decay from the quasi-stationary state to the steady
state, may involve a too narrow range of data for a pre-
cise determination of the time-constant, especially if sig-
nal-to-noise ratio is relatively poor. Furthermore, if T2 is
very short and approaches T �

2, considerable decay would
occur before the quasi-stationary regime of Fig. 1 is at-
tained. This could also introduce errors in the determi-
nation of T (a = p/2).

Finally, the effect of deviations of the flip angle from
a = p/2 caused by an inhomogeneous RF field or by er-
rors in setting the flip angle must also be considered. The
effect upon the CWFP decay is expected to be more pro-
nounced when the ratio T1/T2 is large, since in this case
a = p/2 differs considerably from the value aopt, which
yields a maximum in the normalized stationary CWFP
signal amplitude. Simulations for four different flip an-
gles were performed adopting a value T1/T2 = 10, which
yields aopt = 35.12�. Fig. 3 shows the results for
Fig. 3. Calculated CWFP decays for various flip angles a and T1/
T2 = 10. A single-Lorentzian distribution of isochromats with FWMH
Df = 90 Hz was assumed, with T1 = 300 ms and T2 = 30 ms. (A)
a = 90�, (B) a = 85.5�, (C) a = 81�, and (D) a = 76.5�.
T1 = 300 ms, T2=30 ms, and Tp = 0.3 ms assuming a
Lorentzian distribution of static magnetic field inhomo-
geneity with Df = 90 Hz. Both even and odd pulses are
shown in the region n P 250.

For this relatively large T1/T2 ratio it is apparent that
a flip angle a = 85.5�, 5% smaller than p/2, causes the
steady-state amplitude to differ from the a = p/2 case
by approximately 8%. The difference becomes quite
appreciable for larger deviations. Hence, good homoge-
neity of the RF field within the sample volume is needed
in order to minimize errors, especially when T1/T2 � 1.
3. T1 and T2 measurements

The experimental CWFP data were acquired in an
Apollo Transceiver (Tecmag), using a AMT 2035 power
amplifier, and a Miteq 1054 pre-amplifier. A single sole-
noidal coil containing a relatively small amount of sam-
ple provided adequate RF homogeneity and a p/2 pulse
of 10 ls. The receiver blocking time was 22 ls and the
separation between pulses was 300 ls. A 2 T Oxford
Magnet with a 30 cm bore was employed.

As discussed earlier, T1 and T2 can be obtained from
the time constant T (a = p/2) and the normalized mag-
netization amplitude in the continuous wave regime
|M+s|/M0. The final result is, T1 = (T (a = p/2)/2)/
(|M+s|/M0) and T2 = (T (a = p/2)/2)/[1 � (|M+s|/M0)],
where T (a = p/2) and |M+s|/M0 are obtained from a sin-
gle CWFP experiment as shown in Fig. 2B. The ampli-
tudes are normalized with respect to the initial signal
amplitude following a p/2 pulse.

Fig. 4 shows a semi-logarithmic plot of [|M+(t)|/
|M+s|]�1 for the quasi-stationary regime of the data of
Fig. 2B, which exhibits a good exponential decay and
permits to determine T (a = p/2) for 1H in phosphoric
acid.
Fig. 4. Semi-logarithmic plot of 1 � [|M+(t)|/|M+s|]�1 as a function of
time for [1H] phosphoric acid.



Table 1
T1 relaxation times measured by; IR, optimum flip angle SSFP-aopt, and single CWFP-p/2 experiments

Sample T1 (IR) (ms) T1 (CWFP-p/2) (ms) T1 (SSFP-aopt) (ms)

Deionized water (1H) 2430 ± 10 2460 ± 15 2450 ± 6
FeSO4NH4 doped water (1H) 24.31 ± 0.01 22.65 ± 0.01 22.45 ± 0.02
Acetone (1H) 4520 ± 30 4260 ± 30 4452 ± 10
Vegetable oil (1H) 199.60 ± 0.01 214.60 ± 0.02 209.70 ± 0.01
Phosphoric acid (1H) 191.00 ± 0.03 190.00 ± 0.05 203.00 ± 0.05
Phosphoric acid (31P) 746 ± 44 741 ± 44 655 ± 40
2,2,2-Trifluorethanol (19F) 2008 ± 13 2120 ± 20 2030 ± 20
Trifluoralin (19F) 272.00 ± 0.02 272.00 ± 0.02 249.00 ± 0.02

Table 2
T2 relaxation times measured by; CPMG, optimum flip angle SSFP-aopt, and single CWFP-p/2 experiments

Sample T2 (CPMG) (ms) T2 (CWFP-p/2) (ms) T2 (SSFP-aopt) (ms)

Deionized water (1H) 2120 ± 4 2400 ± 20 2180 ± 8
FeSO4NH4 doped water (1H) 15.40 ± 0.01 15.20 ± 0.03 17.75 ± 0.02
Acetone (1H) 4260 ± 2 4030 ± 10 4408 ± 6
Vegetable oil (1H) 127.00 ± 0.01 119.70 ± 0.04 117.20 ± 0.01
Phosphoric acid (1H) 140.0 ± 0.3 160.0 ± 0.3 170.0 ± 0.3
Phosphoric acid (31P) 178.0 ± 0.3 145.73 ± 0.03 128.0 ± 0.3
2,2,2-Trifluorethanol (9F) 1832 ± 0 2080 ± 7 1990 ± 5
Trifluoralin (19F) 127.00 ± 0.01 127.00 ± 0.02 115.00 ± 0.01
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T1 and T2 measurements using a single CWFP exper-
iment with a p/2 flip angle were performed on different
samples and different nuclei. In all cases an exponential
decay from the quasi-stationary state to a constant stea-
dy state was observed. J-couplings could, in principle,
modulate the CWFP decay. However, since only mono-
tonic decays were observed, the modulation depth can
be concluded to be quite small for all the cases exam-
ined. The results are presented in Tables 1 and 2. These
data are compared with inversion-recovery (IR) T1-mea-
surements, Carr–Purcell–Meiboom–Gill (CPMG) T2-
measurements [16], and optimum angle-SSFP methods
[1,6]. The results show that the present method yields
T1 and T2 values, which are in agreement with those ob-
tained with the more time-consuming optimum flip an-
gle method and also with those obtained by more
traditional methods. Given the parameters employed
in the experiments, the discrepancies cannot be attrib-
uted only to systematic errors caused by magnetic field
inhomogeneity but also to other instrumental errors,
which are estimated in Tables 1 and 2.

We conclude that, since for the CWFP technique a ra-
pid pulsing regime always prevails for a wide range of
experimental parameters, it can be used for the measure-
ment of T1 and T2 in a single experiment without any
appreciable effect caused by diffusion. This requires
1=T p � cG

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DT ða ¼ p=2Þ

p
where D denotes the diffusiv-

ity, G is a small magnetic field gradient caused by magnet
inhomogeneities, and c is the magnetogyric ratio. More-
over, magnetic fields of only moderate homogeneity can
be tolerated. For measurements with approximately 8%
accuracy, for example, the condition T p=T �

2 < 0:085
appears to be sufficient. Themain advantage of this meth-
od is its ability to drastically reduce the time required for
the measurements of longitudinal relaxation times in liq-
uids consisting of a single NMR line. Under appropriate
conditions of the parameters involved, this could be
potentially useful for the monitoration of dynamical pro-
cesses involving a time evolution of the relaxation rates.
To the extent changes in molecular mobility caused by
these processes are not large enough to invalidate the
applicability of Bloch�s equations, possible spin-locking
effects could be ignored and the present model could be
used to interpret the decays.Moreover, transverse relaxa-
tion times are obtained in the same experiment with accu-
racy comparable to that provided by a CPMG sequence,
provided T ða ¼ p=2Þ � T �

2.
As with various other applications of CWFP [7,8,17],

the present method should be especially useful for fast
routine analytical determinations using low-resolution
NMR spectrometers, as well as in several other applica-
tions [18–23].
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[12] M. Todica, R. Fechete, B. Blümich, Selective NMR excitation in
strongly inhomogeneous magnetic fields, J. Magn. Res. 164 (2003)
220–227.
[13] G.C. Levy, I.R. Peat, The experimental approach to accurate
carbon-13 spin–lattice relaxation measurements, J. Magn. Res. 18
(1975) 500–521.

[14] C.R. Carney, S.T.S. Wong, S. Patz, Analytical solution and
verification of diffusion effect in SSFP, Magn. Res. Med. 19 (1991)
240–246.

[15] D.E. Freed, U.M. Scheven, L.J. Zielinski, P.N. Sen, M.D.
Hürlimann, Steady-state free precession experiments and exact
treatment of diffusion in a uniform gradient, J. Chem. Phys 115 (9)
(2001) 4249–4258.

[16] T.D.W. Claridge, High-Resolution NMR Techniques in Organic
Chemistry, Elsevier, Oxford, 1999.

[17] R.B.V. Azeredo, M. Engelsberg, L.A. Colnago, Flow sensitivity
and coherence in steady-state free spin precession, Phys. Rev. E 64
(1) (2001) 016309–016313.

[18] C. Borompichaichartkul, G. Moran, G.S. Srzednicki, R.H.
Driscoll, Studies of physical state of water in maize from
Northeast China (Cv. Huangmo 417) during drying at subzero
temperatures, Drying Technol. 22 (1–2) (2004) 295–305.

[19] A. Charlesby, Analysis of macromolecular structures by pulsed
NMR, Radiat. Phys. Chem. 39 (1) (1992) 45–51.

[20] R. Freedman, N. Heaton, M. Flaum, G.J. Hirasaki, C. Flaum,
M. Hurlimann, Wettability, saturation, and viscosity from
NMR measurements, SPE J. 8 (4) (2003) 317–327.

[21] M.R. Jensen, J.J. Led, Determination of the electron relaxation
rates in paramagnetic metal complexes: applicability of available
NMR methods, J. Magn. Res. 167 (2004) 169–177.

[22] C.L. Deoni, T.M. Peters, B.K. Rutt, Quantitative diffusion imaging
with steady-state free precession, Magn. Res. Med. 49 (2003) 515–
526.

[23] T. Cordova-Fraga, D.B. de Araújo, T.A. Sanchez, J. Elias, A.A.O.
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